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Abstract 

The theory of traveling waves and spreading speeds is developed for time- 
space periodic monotone semiflows with monostable structure. By using trav¬ 
eling waves of the associated Poincare maps in a strong sense, we establish 
the existence of time-space periodic traveling waves and spreading speeds. 

We then apply these abstract results to a two species competition reaction- 
advection-diffusion model. It turns out that the minimal wave speed exists 
and coincides with the single spreading speed for such a system no matter 
whether the spreading speed is linearly determinate. We also obtain a set of 
sufficient conditions for the spreading speed to be linearly determinate. 
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1 Introduction 

Periodic environment of space and/or time is one of the usefnl approximations to 
nnderstand the inflnence of the environmental heterogeneity on the propagation 

*The research leading to these results has received funding from the European Research Council 
under the European Unions Seventh Framework Programme (FP/2007-2013) / ERC Grant Agree¬ 
ment n.321186 - ReaDi - Reaction-Diffusion Equations, Propagation and Modelling. J. Fang’s 
research is supported in part by the National Natural Science Foundations of China and the Fun¬ 
damental Research Funds for Central Universities. X.-Q. Zhao’s research is supported in part 
by the Natural Science and Engineering Research Council of Canada. Corresponding author: 
zhao@mun.ca (X.-Q. Zhao). 


1 



phenomena arising from ecological and biological processes. The study of reaction- 
diffusion equations in space-periodic media goes back to Freidlin m and Freidlin 
and Gartner [12]. The notion of pulsating traveling fronts was introduced by Shige- 
sada, Kawasaki and Teramoto |3^. The front solution having the exact form 
u{t,x) = U{x,x — ct) was found and constructed by Xin [12|. It is also called 
a periodically varying wavefront by Hudson and Zinner [19]. These two notions 
of fronts are equivalent when the speed is not zero. Berestycki and Hamel [5] es¬ 
tablished various existence, uniqueness and monotonicity of pulsating fronts for a 
general reaction-diffusion equation with combust ion-type nonlinearity or monostable 
nonlinearity. Hamel and Roques [H] gave a complete classihcation of all KPP pul¬ 
sating fronts and obtained some global stability properties for the fronts including 
the one with minimal speed. Weinberger [ID] proved the existence of the minimal 
wave speed and its coincidence with the spreading speed for a recursion defined by 
an order-preserving compact operator of monostable type, without assuming a KPP 
type condition. For a monostable semiflows in one-dimensional periodic environ¬ 
ment, Liang and Zhao [25] introduced a topologically conjugate semiflow dehned 
in spatially discrete homogeneous environment and then showed that the spreading 
speed exists and coincides with the minimal wave speed of the front having the form 
U{x,x — ct). For monotone semiflows of bistable type. Fang and Zhao [9] inter¬ 
preted the bistability from a monotone dynamical system point of view to find a 
link between the monostable subsystems and bistable system itself, which is used to 
establish the existence of bistable wavefronts. We refer to [211 El [Ml |35] for nonlocal 
dispersal equations, and two survey papers [13115] for more references. There are 
also quite a few investigations on time-periodic fronts of reaction-diffusion equations, 
see, e.g., [I1121 [Ini[26ll36ll37ll35] and references therein. For time-periodic semiflows 
in one dimensional continuous medium, Liang, Yi and Zhao [21] used the wavefront 
W{x — cuj) obtained for the Poincare map Qoj to construct a two-variable function 
U(t,^) := Qt[W]{^ -|- ct), which is then shown to be a time-periodic traveling wave 
for the semiflow. However, when the medium is discrete, say Z for instance, such a 
construction may not give rise to a traveling wave since Qt[hF](0 is not well dehned 
for all ^ G M. We will obtain traveling waves in a strong sense for the associated 
Poincare map so that this evolution approach is still applicable. 

For react ion-diffusion equations with time-space periodicity in 

dtU — V ■ {A{t, x)'Vu) + q{t, x) ■ Vu = f{t, X, u), (1.1) 

Nadin [23] introduced the following dehnition of pulsating traveling fronts: 

Definition 1.1. A function u{t,x) is a pulsating traveling front of speed c in the 
direction —e that connects p~ to p'^ if it can be written as u{t, x) = (j){x ■ e + ct, t, x), 
where (j) G x M x M^) is such that for almost every ?/ G M, the function 

{t, x) i-G- (j){y + x-e + ct,t,x) satisfies the above equation. The function cf is requested 

to be periodic in its second and third variables and to satisfy 

t, x) — p~{t, x) —0 as z ^ — oo uniformly in (t, x) G M x 

(j){z, t, x) — p'^{t, x) — 0 as z ^ -|-oo uniformly in {t, x) G M x 
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This definition was shown in [2B] to be equivalent to the one introduced by Nolen, 
Rudd and Xin [SU], where an auxiliary equation was used in the definition. The 
minimal wave speed of such pulsating fronts was established in |28] under a KPP 
type condition and the following monostability condition: (i) there is a positive 
continuous space-time periodic solution p; (ii) if m is a space periodic solution such 
that u < p and u{t,x) > 0, then u = p] (hi) m = 0 is an unstable 

solution in the sense that the associated generalized eigenvalue is positive, where 
the generalized eigenvalue was studied in [29]. An upper and a lower bounds were 
given for the minimal wave speed (if it exists) when the KPP condition does not 
hold. The spreading speed as well as the tail behavior and the regularity of the wave 
were also studied there. One may ask the following questions: Does the minimal 
wave speed exist when the KPP type condition does not hold? Can u(t,x;y) := 
(j){y + X ■ e + ct,t,x) satisfy the equation for any y G M? Can such a result be 
established for systems admitting possible semi-trivial time-space periodic solutions? 
We will give affirmative answers to these questions. 

Most recently, Rawal, Shen and Zhang [32] introduced the following definition of 
time-space periodic traveling waves for a nonlocal dispersal Fisher-KPP equation: 

Definition 1.2. An entire solution u{t,x) is called a traveling wave solution con¬ 
necting u*{t,x) and 0 and propagating in the direction of e with speed c if there is 
a bounded function x M x —)■ M_|_ satisfying that $ is locally Lebesgue 

measurable, u(t, x; $(•, 0, z)) exists for all f G M, 

u{t, X] $(•, 0, z)) = <h(a: — cte, t, z cte), f G M, z G 

lim {^{x,t, z) — u*(t,x z)) = 0, lim ^{x,t,z) = 0, uniformly in {t, z), 

x-e^—oo x-e—>-+oo 

<h(a:, t, z — x) = <h(x', t, z — x'), x, x' G with x ■ e = x' ■ e, 

and 

<h(x, t -\-T,z) = <h(x, t,z PiCi) = <h(x, t,z), x, z G 

Let t, x) := <f)(|/, t,x — y) with ^ = y ■ e. It then follows that for any 2 ; G M^, 
0(x ■ e — ct,t,x z) is a solution of the given evolution equation. Note that two 
quite different approaches were used in [28] and [32] , respectively, to prove the exis¬ 
tence of traveling waves. For further investigations on KPP type nonlocal evolution 
equations, we refer to Shen [33], Kong and Shen [22], and references therein. 

This paper consists of two parts. In the first one, we establish the traveling 
waves and spreading speeds for an w-time periodic and L-space periodic monotone 
semifiow {Qt}teT of monostable type on some subsets of the space C consisting of 
all continuous functions from one-dimensional unbounded medium "H to the Banach 
lattice (X,|| • ||) with X = where D is a compact metric space, the 

evolution time T is M+ or Z+, and the medium "H is M or Z. In the second part, we 
address the aforementioned questions by applying the obtained results to a time- 
space periodic competition model in the medium M. 

Below we introduce the definition of traveling wave with speed c for time-space 
periodic semifiows. 
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Definition 1.3. A function WiTx'HxM.^X is said to a traveling wave for the 
semiflow {Qt}teT provided that 


Qt[W{0,-,-+ y)]{x) = W{t,x,x + y - ct), Wt e T, x E'H,y e R, (1.3) 
W{t,x,f) is uj-periodic in t, L-periodic in x, non-increasing in f, (1.4) 

and 

x, ±oo) exist such that Qtfdd{Q,-,Aioc)] = W{t,-,±oc). (1.5) 

In fll.3p . for any y E M, 14^(0, •,• + y) is understood as a one variable func¬ 
tion which is an element of C. We say that W(t,x,f) connects cn-time periodic 
and L-space periodic function /3i to (32 if lim^_>._oo |W(t,x,^) — (3i(t,x)\ = 0 and 
lim^_^+oo \ — (32(t,x) \ = 0 uniformly in f G T and x Eld. 

One may observe the differences between Definitions 11.11 and 11.31 For instance, 
the medium is in Definition 11.11 and M or Z in Definition 11.31 In section 2.1 we 
will explain how these two definitions are relevant, why fll.3p can hold for all y eR, 
and how the function W can be extended to obtain an entire orbit for the given 
semiflow. 

The mono-stability of the semiflow will be defined later in section 2.1 by using its 
Poincare map Qt^ restricted on the space of L-periodic functions. Since semi-trivial 
time-space periodic solutions may exist in certain non-scalar evolution systems, we 
need to introduce one more critical speed. In general, there are two kinds of spread¬ 
ing speeds (and minimal wave speeds) for semiflows and they are not necessarily 
identical or linearly determinate. For specific evolution systems, it is highly non¬ 
trivial to find appropriate conditions for the existence of a single spreading speed 
and its linear determinacy. We will illustrate this by considering a two species 
competition model. 

Our strategy to establish the minimal wave speed for the semiflow is the following: 
(1) construct a map in homogeneous medium Z such that it is topologically 
conjugate to the Poincare map in periodic medium "H; (2) extend to a larger 
map Lb in homogeneous medium M but with very weak compactness even if Qi^ 
is compact; (3) show that P^j fits the framework of [8] to overcome the difficulty 
induced by non-compactness; (4) construct the wave for {Qt}t£T using the evolution 
approach, which is applicable because the medium of P^ is M. The spreading speed 
will be obtained by a similar idea but the phase space for Lb is selected in a different 
way. 

In the second part, we apply the theory developed for monotone semiflows to 
the following two species competition reaction-advection-diffusion model with time 
and space periodicity: 


dui 

dt 

du2 

dt 


= LiUi ui{hi{t, x) - aii(f, x)ui - ai 2 (t, x)u 2 ), 

= L 2 U 2 U 2 {b 2 {t, x) - 021 (f, x)ui - a 22 {t, x)u 2 ), t > 0, X E 


( 1 . 6 ) 


Here LjU = di{t, x)^ — gi{t, x)^,i = 1,2, ui and U 2 denote the population densities 
of two competing species in cn-time and L-space periodic environment, respectively. 
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di(t,x), gi(t,x) and bi(t,x) are diffusion, advection and growth rates of the i-th 
species (i = 1,2), respectively, and aij(t,x){l < i,j < 2) are inter- and intra-specihc 
competition coefficients. In order to verify the mono-stability assumption, we hrst 
hnd two semi-trivial time-space periodic solutions (M*(t,a:),0) and { 0 ,U 2 {t,x)), one 
of which, under a set of conditions, is shown to be globally stable for system fll.bp 
with periodic initial datum. Since (0, 0) is always a solution between the two semi- 
trivial time-space periodic solutions with respect to the competitive ordering, there 
might be two spreading speeds in general. Due to the structure of competition, 
we can construct upper solutions to show these two speeds (having different deh- 
nitions) are identical. Some sufficient conditions for the linear determinacy of the 
speed are also derived. For the react ion-diffusion competition model studied in [20] 
with unbounded domain, we obtain more explicit conditions for the existence of 
the minimal wave speed. In the case where there is no spatial heterogeneity in fll.bp 
(i.e., all coefficients are independent of x), our analysis shows that the minimal wave 
speed obtained in j36j is also the single spreading speed for such a system. 

For two species time-periodic and space-dependent react ion-diffusion competi¬ 
tion models in a bounded domain, Hess and Lazer El (see also US]) studied the 
existence, stability and attractivity of nonnegative time-periodic solutions of model 
systems. Hutson, Mischaikow and Polacik [20] investigated the effect of different 
diffusion rates on the survival of two phenotypes of a species, and showed that the 
interaction between temporal and spatial variability leads to a quite different result 
compared with the autonomous case [7], which concluded that the phenotype with 
the slower diffusion rate always wins the competition. Meanwhile, in an unbounded 
domain, Zhao and Ruan [36] obtained the existence, uniqueness and stability of time- 
periodic traveling waves for time-periodic but space-independent react ion-diffusion 
competition models. For a reaction-diffusion competition model with seasonal suc¬ 
cession, Ma and Zhao |2S] studied the existence of single spreading speed and its 
linear determinacy, and showed that the spreading speed coincides with the minimal 
wave speed of time-periodic traveling waves. More recently, Kong, Rawal and Shen 
[2T] proposed a competition model with nonlocal dispersal in a time and space peri¬ 
odic habitats, and investigated the spreading speed and its linear determinacy. For 
traveling waves in a time-delayed reaction-diffusion competition model with nonlo¬ 
cal terms, we refer to Gourley and Ruan [TS]. It is worthy to point out that our 
approach is quite different from those in [2111211 132] . 

The rest of this paper is organized as follows. In the next section, we establish 
the theory of traveling waves and spreading speeds for time-space periodic semiflows 
of monostable type. In section 3, we apply this theory to the model system fll.bp 
and explore its propagation phenomena by using the competition structure. 


2 Time-space periodic semiflows 

In this section, we hrst present some notations and assumptions and then study the 
existence of traveling waves and spreading speeds for time-space periodic semihows. 
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2.1 Preliminaries 


Let f2 be a compact metric space, M} be the /-dimensional Enclidean space and 
X := C{Q, M}). We endow X with the maximnm norm || • || and the partial ordering 
indnced by the positive cone := Then (X,X+, H-H) is a Banach lattice. 

For ipi, ip 2 G X, we write (pi > if — ¥^2 £ if P\ — Pi ^ IntX+, 

and p\ > P2 if P\ > P2 hnt p\ 7 ^ p2- For px, P2 G X, the least npper bonnd of the 
set {(^ 1 ,(^ 2 }, denoted by max{(pi, (^ 2 ), is also an element of X. Moreover, 


niax.{pi,p2}{x) = mayi{pi{x), p2{x)}. 


Let 'H = M or Z. Dehne [a, b]-u as a closed snbset of "H in the sense that 
if "H = M, then [a, b]-u = [a, b] with a, 6 G M and a < b] and if "H = Z, then 
[a, b]’^ = {a, a -|- 1, a -|- 2,..., b} with a,b E and a < b. For r eH with r > 0, dehne 
rZ := {rh : h G Z}. We nse C to denote all continnons and bonnded fnnctions from 
H to X. We endow C with the compact open topology, which can be indnced by 
the following metric 


d{u,v) := 

k=l 


max|a.|<fc \\u{x) - n(x)|| 
2 ^ 


u,v E C. 


( 2 . 1 ) 


A seqnence is said to be convergent to n in C provided that Un{x) -E u{x) in X 
nniformly locally in x G "H (that is, nniformly for x in any compact snbset of "H). 
On the other hand, ii Un eC is nniformly bonnded and converges nniformly locally 
to some fnnction n, then u E C. For ui,U2 E C, we write Ui > U2 if ui{x) > U2{x) 
for all X G M. A snbset /7 of C is bonnded if snp^g^/ d{u, 0) is hnite. For u E C, 
dehne the fnnction M[o,l]h ^ ^([0) by ~ u{x). Given a bonnded set 

U C C, we nse to denote the the set : u E U}. We nse the Knratowski 

measnre to dehne the noncompactness of G[o,l]h which is natnrally endowed with 
the nniform topology. The measnre is dehned as follows. 


a{U[o^L]^) := inf{r : has a hnite open cover of diameter less than r}. ( 2 . 2 ) 

The set is precompact if and only if a(/7[o,L].j^) = 0. 

Let L G "H be a positive nnmber. We nse to denote the set of all L-periodic 
fnnctions in C. We endow with the same topology as C. Bnt the convergence of a 
seqnence in will be in the following stronger sense: is said to be convergent to 

u in provided that Un{x) —)■ u{x) in X nniformly in x G [0, L]-^. For Ui, U 2 G 
we write Ui > U 2 if Ui{x) — U 2 {x) E for all x E H, Ui ^ U 2 if Ui{x) — U 2 {x) E 
IntX+ for all x eH, and Ui > U 2 if Ui > U 2 bnt Ui 7 ^ U 2 . 

For X E H, there exist a nniqne E 'L and a nniqne 9^ E [0, L) snch that 
X = k^L + 9^. Dehne [xj^, by 

[x\l = k^L. (2.3) 

For m G Z, we have [x -f mL]/, = [x]i -|- mL. 

Let cn G T be a positive nnmber. Assnme that /3 : T x "H —)■ IntX+ is continnons 
snch that /3{t,x) is ca-periodic in t G T and L-periodic in x G "H. Then for any 
t E T, /3(t, •) G and /?(/:, •) 3> 0. Dehne 

Cp(t,-) := {0 G C : 0 < 4>{x) < (3{t,x),x E H}, tET (2.4) 
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and 


(2.5) 



For y eH and any function u ■. H ^ X, define the translation operator Ty by 


Ty[u](x) = u(x - y). 


( 2 . 6 ) 


For t E T, assume that the map Qt : F/ 3 (o,.) -E satishes QjO] = 0 and 


Qi[/3(0, •)](a;) = 


Definition 2.1. {Qt\t&T *■5 on uj-time periodic and L-space periodic monotone semi¬ 
flow from C/ 3 (o,.) to Cp{t,-) provided that 

(i) Qo = I, where I is the identity map. 


(ii) QtQuj = Qt+Lj, Vf e T. 

(Hi) TyQt = QtTy, yt E T,y E LZ. 


(iv) Qt[4>] is continuous jointly in (t, </>) eT x C^(o,.) 

(v) Qt[<f>\ > Qt[f>\, yt eT whenever in C^(o,-)- 

In time-periodic dynamical systems, the period map is often called the Poincare 
map. We use E to denote the set of all w-time periodic and L-space periodic solutions 
of the semiflow {Qt}teT from C^(o,.) to Clearly, 0 and (3 are two elements of 

E. The following observation can be easily proved. 

Lemma 2.1. The following statements are valid: 

(i) p E E if and only if p{0, •) is a fixed point of ■) ■)’ 

(ii) Let u,v E y If u is a fixed point of Q^j and hm„^.oo [n] = u, then 
limd{Qt[v], Qt[u]) = 0, where d is the metric defined in fl2.ip . 

In fll. 3 p - fll. 5 p . we have defined the traveling wave for the semiflow {Qt}t€T- Here 
we explain it in the case where the semiflow is generated by the solution maps of a 
time-space periodic evolution system, including how to extend such a wave solution 
to an entire solution and how it relates to the one introduced by Nadin [28] . 

We first explain how to extend a wave to an entire solution. For t > r with 
t,r E TU (—T), let Sr,t ■ C/ 3 (r,-) —t be the solution map of a time-space 

periodic evolution equation in dimension one, where r is the initial time. Then Sr,t 
has following time periodicity: 


Sr,t = Sr+uj,t+uj, t>r, t,r ETU (-T). 


(2.7) 


Suppose that we have already established the traveling wave W(t,x,^) for {So^t}t£T 
in the sense of fll.3p - fll.5p . In particular. 


So,t[W{0, ■,- + y)] = W{t,-,- + y- ct), t ET,y eR. 


( 2 . 8 ) 
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For convenience, we still use W{t,x,^) to denote the periodic extension of W in 
time. Note that for any t>r with t, r G TU (—T), there exists kr G such that 
r + krOJ > 0. It then follows that 


<^r,t[hF(r, •,- + 2 /-cr)] 

= Sr+kru^,t+kAW{r,-,-+ y - cr)] 

= Sr+krUj,t+krOj\W (r + krU,-r + y- cr)] 

Sr + krUJ,t+krUjSQ^r+krtLj\^^ ^ ' ~k y cr -|- c(r -|- fc^Cj))] 

= So^t+kri^[W{0, ■,■ + y - cr + c{r + Ku))] 

= - + y - ct), Vt G TU (-T),|/G M. (2.9) 

This shows that the periodic extension W gives rise to an entire wave solution. 

Next, we point out there are many wave-like solutions satisfying (11.31) . Indeed, 
for a decreasing function 0 G we dehne 

U{t,x,^) := Qt[4>{- + ^ + ct - a;)](x). (2.10) 

Then one may easily verify that U is periodic in x, non-increasing in ^ and satishes 
(11.31) . However, U is in general not periodic in time and not extendable to be an 
entire solution. This suggests that we hrst look for a wave for the Poincare map (i.e., 
period map) in a certain sense and then use it as the initial value to evolve under 
the semiflow to construct the traveling wave for the semiflow. We will show that 
W(t,x,^) := Qt[V{-, ■ + ^ + ct — x)](x) is a traveling wave of the semiflow {Qt}tGT 
if V{x,^) is L-periodic in x, non-increasing in ^ and satishes 

Q4Vi; • + !/)] = • + 1/ - ecu), V|/ G M. (2.11) 

The periodicity of W in time follows from (12.111) . We call such V a traveling wave 
of in a strong sense. 

Now let us roughly explain why fl2.1ip may hold for all ?/ G M. Indeed, we 
can employ the results in [8] to show that (12.111) holds fory G M \ T, where T is 
a countable set. Since V will be carefully constructed such that H(-,.^-(- • — [•]/,) 
is left-continuous in ^ and for any G M it belongs to the same compact set in 
periodic function spaces, one is able to use the continuity of Qi^ to pass the limit 
so that (12.lip also holds for y G T. This procedure will be presented in an abstract 
way in section 2.2. 

To establish the existence of traveling waves and spreading speeds, we need the 
following two basic assumptions on time-space periodic semihow {Qt}teT- 

(Al) (Monostability) hm„^ooQnaj[0] = P{0, ■) for any 0 g C^(o.) with 0 s> 0. 

(A2) (a-CONTRACTlON) There exists k G [0,1) such that 

a((Qa;[f^])[0,L]-H) < ^«(f^[0,L]H), ^ ^0(0,■) 


where a is the Kuratowski measure dehned in (12.21) . 














Suppose u{t,x-,(f)) := Qt[0](x) solves a time-space periodic evolution equation. 
Since u(t,x-,(l)) is L-periodic in x if 0 is, we only need to consider the evolution 
equation with periodic initial data. By Lemma [2.11 it follows that /3{t,x) is a time- 
space periodic solution of the evolution equation, and (Al) is equivalent to that the 
time-space periodic solution (3{t, x) attracts any solution with initial value (j) G ^ 
and 0 3> 0. For a scalar reaction-diffusion equation admitting the strong maximum 
principle, the condition 0^0 may be relaxed to be ^ > 0. For a system of 
react ion-diffusion equations, such a condition in general cannot be relaxed because 
there probably exist semi-trivial time-space periodic solutions. 

Note that the assumption (A2) is for the Poincare map on the phase space 
C^(o,.). If the Poincare map : C^(o,-) is compact, then (A2) is satished 

by choosing k = 0. For a time-space periodic evolution equation with delay, if the 
delay is larger than the time period cu, then is not compact but satishes (A2). 

It is worthy to point out that we do not assume that the semhlow is subhomoge- 
neous (or sublinear in some literature), which is often understood as the KPP type 
condition for monostable semiflows. Thus, the expected minimal wave speed may 
not be linearly determinate in general. 


2.2 Traveling waves 

In this subsection, we establish the existence of traveling waves for time-space peri¬ 
odic and monotone semiflows under assumptions (Al) and (A2). 

Let {Qt}te.T be an m-time periodic and L-space periodic monotone semiflow from 
C/ 3 (o,.) to We dehne a family of mappings {St}teT by 




Qf [0/3(0, •)](x) 

P{t,x) 


V0 e Cl, x G "H. 


It easily follows that {St}ter is an w-time periodic and L-space periodic monotone 
semiflow on Ci. Without loss of generality, we then assume that (3{t, x) is a positive 
constant, denoted still by /3, and hence, we may write C^ instead of for any 
f > 0. We do not scale L to be one since the habitat has been scaled to be Z if it 
is discrete. We do not scale u to be one since in delay differential equations, the 
relationship between the time period and the delay is important. 

Our strategy is to hrst establish a traveling wave for the Poincare map in a 
stronger sense than usual, and then use it as an initial value for the evolution to 
obtain the traveling wave for the given semiflow. To establish a traveling wave for 
the Poincare map we hrst use the map (in periodic habitat) to construct a 
topologically conjugate map P^i (in homogeneous discrete habitat), and then extend 
Pi_j into a larger map PL (in homogeneous continuous habitat), which was introduced 
by Weinberger [39] for the study of spreading speeds. In general, PL is not compact 
even if is. To overcome the difficulty caused by the non-compactness, we show 
that fits the framework of [Sj which deals with a large class of monotone semifiows 
with weak compactness. 

To explain the operators Pui and P^i in detail, we need to introduce some no¬ 
tations. Let M. be the set of all non-increasing and bounded functions from M to 
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F:=C'([0,L]^,X),and 


X = {veM-. v{s){L) = v{s + L)(0), s e M}. (2.12) 

Define order intervals Yp and A^g, respectively, by 

^/3 = [0,/5]x, = [0,/3]y, and Xp = [0,/3];i:'. (2.13) 

Let 

Yp = {ct>eYp,m = m}- (2.14) 

and 

/C;3 = {0 e C{LZ,Yp) : (j){iL + L){0) = (j){iL){L),i E Z} (2.15) 

Lemma 2.2. P, Section 4] The map F : Cp ^ ICp defined by 

F[(j)]{iL){e) = + 6) (2.16) 

is a homeomorphism. Further, the semiflow {Pt}t&T on JCp defined by 

Pt = FoQ,oF-^ (2.17) 

is topologically conjugate to {Qt}t£T on Cp. 

One can verify that 

F~^[v]{x) = v{L[x]){x — L[x]), V E ICp. (2-18) 

Define the identity map G : Xp ^ Fp hy 

G[(j)]{iL) =(j){iL). (2.19) 

and the t-parameterized map Ft by 

Ptms) = PtG[fi{- + s)]{0). (2.20) 

Next we use two lemmas to prove that maps Xp to Xp and that it hts the 
framework of [8] in one-dimensional homogeneous continuous habitat. 

Lemma 2.3. The following statements on X are valid: 

(i) A 7 ^ 0. Further, any monotone function and L-periodic function from M fo X 
can be embedded into A. 

(a) For r G M, rA = A and T^X = X 

(Hi) For Vi,V 2 E X, Vi + V 2 E X. 

(iv) For vi,V 2 E X, the function v, defined by v{x) := max{ni(x), ^ 2 ( 2 ^)}; is also 
in A. 
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Proof. We only prove statement (i) since others are trivial. If / is an L-periodic or 
a monotone function from M to W, then we can dehne n G df by 

v{sm = f{s + e). (2.21) 

Then f(s) is monotone in s. Further, v{s) is a constant function in s if / is L- 
periodic. □ 

Lemma 2.4. Assume that the Poincare map satisfies (Al) and (A2). Then the 
map P^ : Xg ^ dfg has the following properties: 

(i) P^oTy = Ty o P^^y G M, where Ty is the y-length translation operator. 

(a) Fh : dfg —)■ dfg is continuous with respect to the compact open topology. 

(Hi) There exists n G [0,1) such that for V G a(Fb[l/](0)) < K,a(y{0)), where 
a is the kuratowski measure of non-compactness for bounded sets in Y. 

(iv) Puj[4>] P Pu)[f^] whenever (fPfj in Xp. 

(v) Pu: '-Yp ^ Yp admits exact two fixed points 0 and (3, and for any ( E Yp with 
C > 0, hlRn^oo Pnuj[C] = (3. 

Proof. We hrst show that maps Xp into Xp and then verify the hve properties 
one by one. Let v E Xphe given. By dehnition, we have 

P^H(s) = FQ^F-^G[v{- + 5)](0). (2.22) 

Then the monotonicity of Puj[v]{s) follows from the monotonicity of P, Q^j, F~^ and 
G. Since 

TlQ. = Q.Tl and P[0](L)(O) = 0(L) = P[0](O)(L), (2.23) 

we obtain 

FQ^F-^G[v{-+s+L)]{0){0) = FQ^F-^G[v{-+s)]{Lm = FQ^F-^G[v{-+s)]{0){L), 

(2.24) 

which is equivalent to Pu}[v]{s + F)(0) = Pu}[v]{s){L). This shows that Poj[v] G Xp, 
and hence, P^ maps Xp into Xp. 

Statement (i) follows directly from the dehnition of P^. Statement (iv) follows 
directly from the monotonicity of P, F~^ and G. It remains to verify statements 
(ii),(iii) and (v). 

To show the continuity, it suffices to prove that Pu}[vn] —^ Pu}[v] locally uniformly 
if Vn ^ V locally uniformly. Indeed, G[f„(-+ s)](z) —)■ G[n(- + s)](i) locally uniformly 
in i, s. By the topological conjugacy between and P^ as well as the continuity 
of Q^, it follows that P^G[vn{- + s)](0) —)■ P^G[v{- + s)](0) locally uniformly in s. 
The continuity is then proved. 

For the statement on compactness, we note that 

Pu.[Vm{9) = Q4F-^G[V]]{9). (2.25) 
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It then follows from (A2) and definitions of F ^ and G that 

^(fLlrKO)) = a((Q4F-‘G|V']|)[„,i,,) < a((F-‘GlV'|)[„,i,,) = 0(^(0)). (2.26) 

For statement (v), it follows from statement (i) that 

/1|C](S)(«) = illC(- + s)](0)(«) = illCl(0)(»). (2.27) 

Further, by the definition of Fb, we have 

P^[C]mO) = Q.F-^G[Cm. (2.28) 

Note that F~^G : Yp G^^'' and 0 due to C ^ 0. It then follows from 

(Al) that 

-Pnaj[C] = QmjjF ^G[C] ^ /3) 0,^ Tl ^ OO. 

This completes the proof. □ 

With Lemmas 12.31 and 12.41 we can proceed as in [8] to establish the existence 
of traveling waves for P^. Indeed, let w E Yp with Q w (3. Choose (j) to be 
a continuous function from M to X with the following properties: (i) (/>(x) is non 
increasing in x, (ii) 0(x) = 0 for x > 0 and (hi) 0(—oo) = w. Dehne 0 G Ag by 

0(s)(0) = 0(s + 0). (2.29) 

Then 0 has the following properties: 

(Bl) 0(s) is continuously non-increasing in s; 

(B2) 0(s) = 0 for s > 0; 

(B3) 0(—oo) = w. 

Next we use 0 to define two numbers —oo < < c+ < -|-oo. For c G M and integer 

n > 1, we define the map : Ag —)■ Ag by 

’ n 


1 [a](s) = max -^{s),T_cLoP^[a\{s] 


n 


(2.30) 


and a sequence of functions (c, s) by the recursion 


'5 J S ) 


dn I C, 


n 


Is). 


(2.31) 


Dehne 

Ao = A/3, Aj+i = Un>iP(, 1 [Aj], i>l. (2.32) 

’ n 

Then we have the following result. 

Lemma 2.5. [H Lemmas 3.1 and 3.3] The following two statements hold true: 
(i) The set A := nj>o Aj(s) is non-empty and compact in Yg. 
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(ii) limm_).oo am(c, s) exists and the limit, denoted by a{c, , is an element in 
Xy and satisfies 

’ n 

and 

; —cxo^ = fi, a ^c, —; —ooj EYy is a fixed point of (2.34) 

According to [8], we define two numbers: 

c)j_ := sup{c : a(c, 1; +oo) = /?}, c+ := sup{c : a(c, 1; +oo) > 0}. (2.35) 

Let E be the fixed point of on We say F(s ~ ecu) is a traveling wave of 
Pt_j connecting /5i G P to /32 G P if there exits a countable set L C M such that 

Pnu}[ij]{s) = — enu), n>0,sGM\r (2.36) 

and 

F(-oo) = fit, F(+oo) = (32- (2.37) 

Applying the same arguments as in the proof of [H Theorem 3.8] to the map 
Plj ■ Xy ^ Xy, we have the following result. 

Lemma 2.6. The following statements are valid: 

(1) For c > df, P^ admits a traveling wave if connecting (3 to some elements 
f3ieE\{(3}. 

(2) If, in addition, 0 is isolated in E, then for any c > c+ either of the following 
holds: 

(i) there exists a traveling wave ^|J connecting (3 to 0. 

(ii) there are two ordered elements (32 in P\{0,/5} such that there exist a 
traveling wave Fi connecting (3i to 0 and a traveling wave -02 connecting 
(3 to (32- 

Before moving forward to construct the traveling waves for {Qt\t£T fhe sense 
of fll. 3 p - fll. 5 p . we show that the set T can be chosen to be empty for all traveling 
waves of P^ established in Lemma [2.61 

Lemma 2.7. Let ip^s — av) he a left continuous traveling wave of P^i established in 
LemmalEMin the sense of fl2.36p - fl2.37p . Then Paj['ip]{s) is also left continuous, and 
hence, Paj['ip]{s) = — cuj),s G M. 



a c, 


n 


(s) = a ( c,-;s ) , 


a.e. 


s G 


(2.33) 
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Proof. We only prove that P^['0](s) is left continuous. Fix s G M, and let f 0. 
We show show that Fh['^](s + s„) —)■ P^['ip]{s) as n —)■ oo. By the continuity of Fh, it 
suffices to show that 'ijj{x + Sn) 'ijj{x) locally uniformly in a; G M. Indeed, from the 
construction of ip we know that UseR'f’i.s) C where A is the compact set dehned 
in Lemma [2.51 Thus, we see from [H Lemma 2.2] that the discontinuous points of 
Ip is at most countable. Thus, given a bounded set P C M, we are able to choose 
a dense subset B oi D such that ip{x) is continuous in x G P. For e > 0 and each 
X G P, there is a neighbourhood A4 such that \\ip{x) — ip{y)\\ < e/4,?/ G A//- Since 
{Nx}xeB is an open cover of D, there exist hnitely many points, say Xi,i = 1, ■ ■ ■ , m, 
such that D C WffiMxi- For any x G P and large n, there exists i such that either 
X, xpSn G N'x^ or x+Sn G Mxi and x G A4i+i with A4i FlAZ/i+i 7^ 0- For both cases, we 
conclude that there exists > 0 such that \\ip{x+Sn)—ip{x)\\ < e,x ^ D,n > N. □ 

Now we are in a position to prove the main result in this subsection. 

Theorem 2.1. Let {Qtjter be an u-time periodic and L-space periodic monotone 
semi flow from C^(o,.) to and assume that (Al) and (A2) hold. Then there are 

two numbers —oo < < c+ < +oo such that 

(1) For any c > c\, {Qt}t£T admits a traveling wave W connecting (3 to some 
elements /3i G P \ {/?}. 

(2) If, in addition, 0 is isolated in E, then for any c > c+ either of the following 
holds: 

(i) there exists a traveling wave W connecting f to 0. 

(a) there are two ordered elements oi, 02 in E\ {0, (3} such that there exist a 
traveling wave Wi connecting ai to 0 and a traveling wave W 2 connecting 
(3 to a 2 . 

(3) For c < cp, there is no traveling wave connecting (3, and for c < c+, there is 
no traveling wave connecting (3 to 13. 

Proof. For each admissible speed c, we have already shown that P^^ : d/g —)■ d/g 
admits a wave ip in the sense that 

= ip{s — cuj), Vs G M. (2.38) 

Dehne V (x, f) by 

= f{^-x + [x]l)(x- [x]l). (2.39) 

It is not difficult to check V is L-periodic in x and non-increasing in Then we use 


14 




the definitions of F,F and to obtain 

V{x,x-cu + y) = ijiy - oj + [x]l){x - [x]l) 

= PMiy + [x]l){x - [x]l) 

= P^G[ilj{- + y+ [a:]L)](0)(x - [x]l) 

= FQ^F~^G['ijj{- + y+ [a;]L)](0)(a; - [x]l) 

= QujF~^G['iIj{- + y + [x]l)]{x - [x]l) 

= Q^F-^G[^|;i■ + y)]ix) 

= QAmL + y){--[-]L)]{x) 

= + y)]{x), Vx e P, 1 /e M. (2.40) 

We claim that WiTx'HxM—defined by 

W{t,x,C) = Qt[V{-,- + i + ct - x)]{x), (2.41) 

is the desired traveling wave. It suffices to show that fll.3l) - fll.5p hold true. Indeed, 
the space periodicity and fll.Sp are easily verified. Also the limit equality fll.Sp follows 
directly from the time periodicity. Thus, it remains to prove the time periodicity. 
By using fl2.4Up . we obtain 

W(t + a;,x,0 = QtQuj[V{-, ■ + ^ + c{t + u) - x)](x) 

= Qt[V{-, ■ - ax + ^ + c{t + u) - x)](x) 

= Qt[V{-, • + ^ + cf - x)]{x) 

= lT(t,x,0, t e T,x e e M. (2.42) 

This proves the existence of traveling waves. 

Next we prove the non-existence of traveling waves. If the three-variable function 
IT is a wave in the sense of fll.3p - fll.5p and it connects /3 to some other time-space 
periodic solution {3i(t,x) with /3i(0, •) < /9, then we have 

W{0,x,x+ y - cx) = Q^[W{0,-,-+ y)]{x), x G P, y G M (2.43) 

with 

1T(0, •, -oo) = /3, 1T(0, •, -Foo) = A(0, •)• (2.44) 

Recall that cf) is defined in fl2.29p . Thus, we may choose sq > 0 such that 

0(s)(0) < lT(O,0,0 + s-fso). (2.45) 

Note that 

P“^G[0(. -I- s -1- ca;)](x) = 0([x] -|- s -|- ca;)(x — [x]). (2.46) 

Combining fl2.31l) . fl2.45p and fl2.46p . we obtain 

ai(c, l,s)(6 ') = msix{(j){s){e),T_c^P^[(j)]{s){e)} 

= max{0 (s)(6 '), FQajF~^G[^{- s -1- ca;)](0)(6*)} 

< max{0(s)(6'), FQPW{0, ■,■ + s + Sq + cm;)](0)(6')} 

= max{0(s)(6>),P[lT(O, •, • s so)](0)(6>)} 

= IT(0, 9, 9 s Sq)) 
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and inductively, a„(c, 1, s){9) < W{0,9,9 + s + sq), Vn > 1. This implies that 
a(c, 1, +cxo) = lim lim 0 ^( 0 ,1, s) < lim lim hh(0, •, • + s + sq) = /^i(0, •) < /9, 

s—>-+oo n^oo 5^+00 n—)-oo 

which, together with the dehnition of c\, implies that c > c\. Similarly, if hh is a 
traveling wave connecting /3 to 0 with speed c, then c > c+. □ 

We remark that there are examples arising from nonlocal or fractional diffusion 
equations such that = + 00 . It is an interesting problem to hnd conditions to 
exclude such a possibility for semiflows, but it beyonds the purpose of this paper. 
When = +cxo ( or c+ = +cxo), the condition c > (or c > c+) in Theorem 12.11 
is vacuous, and hence, there are no traveling waves. 

2.3 Spreading speeds 

So far, we have already proved that there exist two critical speeds and c+ for non¬ 
increasing traveling waves. In this subsection, we use these two numbers to describe 
the rightward spreading property of solutions with appropriate initial datum. 

Theorem 2.2. Let {Qt}teT be an uj-time periodic and L-space periodic monotone 
semiflow from C/ 3 (o,.) to and assume that (Al) and (A2) hold. Then the 

following statements are valid: 

(i) For c > c+, we have \mix>ctQt[4>]{,x) = 0 provided that 0 G C/ 3 (o,.) vanishes 
when X is greater than some xq G "H and (j) < zu ^ fl{0, ■) for some zu G 
with zu 0. 

(a) Fore < we have x<ct \Qt[4']{,x) — fl{t, x) \ = 0 provided that cf G C/ 3 (o,.) 

satisfies (j){x) > a when x is less than some K eTL for some a G X with a 3> 0. 

Proof. To prove these spreading properties, we again use P^i but on another phase 
space y^, which is dehned by 

yg = {ve C(R, Y^) : v{s){L) = v{s + L)(0)}, (2.47) 

equipped with the compact open topology. It was shown in [HI Proposition 6.1] 
that Pea maps y^ to y^ and Pea admits the hve properties in Lemma 12.41 with Xg 
replaced by y^. Note that different notations are used in [H Proposition 6.1]. Thus, 
Pu '■ y^ ^ y^ has the same spreading property as in [51 Remark 3.2]. On the other 
hand, since the semiflow {Pt]t^j- is time periodic and dehned in the medium M, one 
may see from [2ll Theorem 2.3] that {Pt}te.T has the spreading properties stated in 
Theorem 12.21 with C^(o,-)) Qt) and X replaced by 3^^, Pt and Y respectively. Next we 
show how to derive the spreading property of {Qt}t&T from Pea. 

We look for the spreading properties of Qt which are inherited from Pt. Indeed, 
for 0 G 0(77, X), dehne v Eyphy 

v{s){9) = 4 >{[s]l + 9) . (2.48) 


16 







Then for any s G M, 6^ G [0, L\ and n > 1, we have 

PAv]{sm = p^G[v{-+swm 

= FQtF-^G[v{-+ s)]me) 

= QtF-^G[v{-+ sW) 

= Q*[^([-]l + 5)(--[-U)](0). (2.49) 

In particular, setting s = iL, i ^ Z, we obtain 

fi[t>l(!i)(9) = Qi[t’([-lL)(- - l-lLjKfl + iL) = Qt[4,]{e + iL), (2.50) 
which is equivalent to 

Qt[0](a:) = Pt[n]([a:]L)(x - [x]l), xe'H,teT. (2.51) 

Thus, the statements for {Qt}t£T hold true. □ 


To hnish this section, we note that similar arguments can be used to establish the 
existence of non-decreasing traveling waves W (f, x, x+ct) and the leftward spreading 
property in terms of two critical speeds ch and c_ satisfying —cx) < ch < c_ < -|-oo. 


3 Two species competition model 

In this section, we first use the abstract results in last section to study the prop¬ 
agation propagation phenomena for a two species competition reaction-advection- 
diffusion system in time-space periodic environment. Then we obtain sufficient con¬ 
ditions for these two speeds to be identical and linearly determinate, respectively. 
Two specific cases are also discussed in detail. 

3.1 The periodic initial value problem 

In this subsection, we investigate the global dynamics of the time and space periodic 
Lotka-Volterra competition system with the periodic initial values. Let oo and L be 
positive real numbers. We assume that 

(a) di(t,x), gi(t,x), aij(t,x) and hi{t,x) are w-periodic in t and L-periodic in x, 

di, gi, aij,bi G (^^’^(M x M), 1 < < 2, where C'5’'^(M x M) is a Holder 

continuous space with the Holder exponent | for the first component and 
u G (0,1) for the second component. 

(b) aij{t,x) > 0, V(t, x) G M X M, 1 < f, j < 2. 

(c) There exists a positive number oq such that di(t, x) > ao, V(f, x) G M x M, i = 
1 ,2, i.e., the operator Liu = di{t,x)^ — gi{t,x)^ is uniformly elliptic. 

In the sequel, if there is no specihc mention, the periodicity will always refer to the 
time and space periods {uj,L). 
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Let V be the set of all continuous and L-periodic functions from M to M equipped 
with the maximum norm || ■ ||p, and = {ip \ ip{x) > 0, Vx G M} be a positive 
cone of V. Then {V,V+) is a strongly ordered Banach lattice. Assume that time- 
space periodic functions d,g,h G x M) and d{-, •) > 0. It then follows that 

the scalar parabolic eigenvalue problem 


dv d‘^v 


dv 

g(t,x)- — \-h(t,x)v = Xv, (t,x) e 

ox 


X 


v{t, X + L) = v{t, x), v{t + oj,x) = v{t, x), V(t, x) G M X 


(3.1) 


admits a principal eigenvalue \{d, g, h) associated with a positive time-space periodic 
eigenfunction (j){t,x){see, e.g., [IS]). Using the arguments similar to those in ^81 
Theorem 2.3.4], as applied to the Poincare map associated with system fl3.2|) . we 
have the following result. 

Proposition 3.1. Assume that time-space periodic functions d, g^c^e G C'^’^(MxM), 
and d{-, •) > 0, e(-, •) > 0 0). Let u(t, x, 0) be the unique solution of the following 

parabolic equation: 


du d'^u 


du 

g(t,x)-g — \-u{c(t,x) — e(t,x)u), t > 0, xG 


u{0,x) = 0(x) G V+, X G M. 
Then the following statements are valid: 


(3,2) 


(i) If X{d,g,c) < 0, then u = 0 is globally asymptotically stable with respect to 
initial values in V+; 

(a) If X{d,g,c) > 0, then (13.21) admits a unique positive time-space periodic so¬ 
lution u*{t,x), and it is globally asymptotically stable with respect to initial 
values in T’+\{0}. 

Let P = PC'(M, M^) be the set of all continuous and L-periodic functions from M 
to and P_|_ = {-^ G P : ip{x) > 0, Vx G M}. Then P+ is a closed cone of P and 
induces a partial ordering on P. Moreover, we introduce a norm |l0||p by 

||(()||p = max|(()(x)|. 

It then follows that (P, |1 • ||p) is a Banach lattice. 

Clearly, for any ip G P+, fll.bp has a unique nonnegative solution u{t, •, ip) dehned 
on [0, cxo), and u{t, •, ip) G P+ for all f > 0. 

By Proposition 13.11 we see that there exist two positive time-space periodic 
functions ul{t,x) and U 2 {t,x) such that Ei := {ul(t,x),0), E 2 := { 0 ,U 2 it,x)) are the 
time-space periodic solutions of system fll.bp provided that X{di, gt, bi) >0, i = 1,2. 
Since we mainly concern about the case of the competition exclusion, we impose the 
following conditions on system (11.61) : 

(HI) X{di,gi,bi) >0, i = 1,2. 

(H2) A(di, &i — 012 ^ 2 ) > 0- 
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(H3) System fll.6p has no positive time-space periodic solution. 


Condition (HI) guarantees the existence of two semi-trivial time-space periodic 
solutions of system fll.61) . and (H2) implies that {0,U2(t,x)) is unstable. Moreover, 
by Lemma IXTl with p = 0, d(t, x) = di(t, x) and g(t, x) = giit, x),\/(t, x) G M x M, we 
know that (H2) implies A(di, 6i) > 0. Thus, we could simply drop the assumption 
Ai(di,fifi,6i) > 0 from (HI). 

Slightly modifying the arguments in [161 Example 34.2], we have the following 
observation. 

Proposition 3.2. Let bi{t) := min bi{t,x), b 2 {t) '■= Taax b 2 {t, x), anddu{t), 

xG[0,L] xG[0,L] 

di 2 {t), 021 (t), h; 22 (^) defined in a similar way. Then (H3) holds true provided that 

b,(t)dt > max \ ■ [ b 2 (t)dt, and [ b 2 (t)dt < max \ ■ [ bAt)dt. 

' te[o,Ha22(t) 7o io te[o,a;]aii(t) ' 

Under assumptions (H1)-(H3), there are three nonnegative time-space periodic 
solutions: Eq = (0,0), Ei := {ul{t,x),0), and E 2 := {0,U2it,x)). Next, we use the 
theory developed in [18] for abstract competitive systems (see also ca) to prove the 
global stability of Ei. 

Theorem 3.1. Assume that (H1)-(H3) hold. Then Ei{ul{t,x),0) is globally asymp¬ 
totically stable for all initial values = (0i, ^ 2 ) G P+ with ^ 0. 

Proof. Since (H2) holds true, the arguments similar to those in [IHl Proposition 
7.1.1] imply the following observation. 

Claim. There exists 5o > 0 such that limsup„_^oo ||M(nci;, x, 0) — (0, ^^(O, a:))||p > 5o 
for any 0 G P+ with 0i ^ 0. 

By the above claim and (H3), we rule out possibility (a) and (c) in [181 Theorem 
A] with T(0) = u{uj, -,0). Since E 2 is repellent in some neighborhood of itself, [T8l 
Theorem A] implies that Ei is globally asymptotically stable for all initial values 
0 G P+ with 01 ^ 0. □ 



3.2 Spreading speeds and traveling waves 

In this subsection, we study the spreading speeds and time-space periodic traveling 
waves for system (II.6p . By a change of variables vi = mi,U 2 = E^it^x) — U 2 , we 
transform system fll.6D into the following cooperative system; 


dvi 

dt 

dV2 

dt 


LiVi-\-Vi{bi(t, x) — ai2(t, x)u2(t, x) —aiiit, x)vi-\-ai2(t, x)v2), t > 0, x G M, 


L2V2+a2l{t, x)vi{ul(t, x) -U2) +V2{b2(t, x)-2a22(t, x)u2{t, x)+a22(t, x)v2). 

(3,3) 


Note that three time-space solutions of (II.6p . respectively, become 

Eq = {0,u*2{t,x)), El = {u*fit,x),u*2{t,x)), E 2 = ( 0 , 0 ). 
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To apply Theorems 12.11 and 12.21 to fl3.3p . we need to specify the meaning of the 
notations there. More precisely, 

X = "H = M, T = M+, = El, 0 = E 2 . (3.4) 


Other notations such as C^(o, ) and ^ in Theorems 12.11 and 12.21 are then accord¬ 
ingly specified. 

Let Y be the set of all bounded and continuous functions from M to M, Ti{t, s) 
and T 2 {t, s) be the linear semigroups on Y generated by 


dv 

— = Liv + v{hi{t,x) - ai 2 {t,x)u* 2 {t,x)) 


and 


dv 

dt 


= L2V + v{b2{t,x) - 2a22{t,x)u*2{t,x)), 


respectively. It follows that Ti(t, s) and T 2 (t, s) are compact with the respect to the 
compact open topology for each t > s >0 (see, e.g., [El). For any u = (ui, U 2 ) G C, 
dehne E : [0, -f cxo) x C —)■ C by 

-aii(f, ■)ul -h ai2(t, ■)uiU2 
021 (t, ■)u*2it, ■)ui - 021 (t, ■)UlU2 + 022(t, •)«! 


E{t,u) = 
Then we rewrite system 


as an integral equation form: 


v{t) = T{t,0)v{0) + / T{t, s)E{s,v{s))ds, t > 0, 


k(0) = .#> 6 C„(0,,), 


(3,5) 


where T(t,s) = diag(Ti(t, s),T 2 (t, s)). 

As usual, a solution of (13.51) is called a mild solution of system (13.3p . It then 
follows that for any cf) G C^(o,-)) system fl3.3p has a mild solution u(t, •, 0) dehned on 
[0, 00 ) with m(O,-, 0) = 0, and u(t,-,(f)) G for all t > 0, and it is a classical 

solution when t > 0. 


Definition 3.1. A function u(t) := u(t, •) is said to be an upper (a lower) solution 
of system fl3.3p if it satisfies 

u{t) > {<)T{t,0)u{0) + [ T{t, s)E{s,u{s))ds, t > 0. 

Jo 

Dehne a family of operators {Qt}t>o from C^(o,.) to Cyg,-) by ■= u{t, -,0), 

where u{t,-,(!)) is the solution of system 03.31) with m(0, •) = 0 G C^(o,-)- Next we 
show that {Qt}t>o is an w-time periodic and L-space periodic monotone semihow 
from C/ 3 (o,.) to Cy^t,-) in the sense of Dehnition 12.11 Indeed, since for any a G LZ, 
v{t,x) := u{t,x — a,(j)) and w{t,x) := u{t + u,x,(j)) are solutions of 03.3p with 
initial conditions u(0,a:) = u{0,x — a,(j)) and t(;(0,a;) = u{u,x,(j)), respectively, we 
see that Qt satishes the second and third properties in Dehnition 12.11 The fourth 
property and (A2) follow from the same argument as in [271 Theorem 8.5.2]. The 
hfth property is true since system 03.31) is cooperative and the comparison principle 
holds. Moreover, Theorem 13.11 implies (Al) is valid. Thus, we have the following 
observation. 
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Proposition 3.3. Assume that (HI)-(H3) hold. Then {Qt}t>o is an uj-time periodic 
and L-space periodic monotone semi flow from C^(o,-) to cind satisfies (Al) 

and (A2). 

By Proposition 13.31 we see that {Qt}t>o satisfies all conditions in Theorem 12.11 
Thus, there exist two numbers c+ and for the minimal speed of different kind of 
traveling waves. In Theorem 12.11 c+ might be plus infinite and the information of 
the limits of of traveling waves at ±cxo is not fully understood for general semifiows. 
Below, we will use the structure of competition to show that c+ is finite and derive 
some conditions under which the limits of of traveling waves at ±cxo can be figured 
out. By the comparison arguments, it is easy to see that c+ < max{c^_,_, 
where c*_,_ is the rightward spreading speed of the Ui species in the absence of the 
U 3 -i species, i = 1,2. Since and C2+ are determined by two Fisher-KPP type 
equations (see fl3.6p and (13.81) below), it follows that c+ < +oo. 

To show that c+ is the minimal wave speed for periodic traveling waves of system 
(13.31) connecting fl(t,x) to 0, we propose the following assumption: 

(H4) cl_^_ + C2_ > 0, where c^_,_ and C2_ are the rightward and leftward spreading 
speeds of two Fisher-KPP type equations (13.61) and (13.81) . respectively. 

Note that cl_^_ is the rightward spreading speed of ui species when U 2 species 
vanishes, and C2_ is the leftward spreading speed of U 2 species when ui species van¬ 
ishes. When two species have opposite advection, they may separate even without 
competition. Assumption (H4) excludes such a possibility so that the competition 
plays a vital role. We remark that if LiU = with di G x M), 

or all the coefficient functions in (13. 6 p and (13. 8 p are even in x except pi is odd in x, 
i = 1,2, Lemma [3.21 shows that (HI) and (H2) guarantee (H4). 

Theorem 3.2. Assume that (H1)-(H4) hold. Then for any c > c+, system (13.3p 
admits a periodic traveling wave {U{t,x,x — ct),V{t,x,x — ct)) connecting fl{t,x) 
to 0, with wave profile components U{t,x,(fl and V{t,x,^) being continuous and 
non-increasing in and for any c < c+, there is no such traveling wave connecting 
flit, x) to 0. 

Proof. In view of Theorem 12.11 (2) and (3), it suffices to rule out the second case 
in Theorem 12.11 (2). Suppose, by contradiction, that the statement in Theorem 12.11 
(2)(ii) is valid for some c > c+. Note that system (13. 3 p has exactly three time-space 
periodic solutions and Eq = (0, u^it, x)) is the only intermediate time-space periodic 
solution between Ei = fl(t,x) and E 2 = 0, then we have Oi = 02 = Eq. Thus, by 
restricting system (13. 3 p on the order interval [Eo,Ei\ and [E 2 ,Eq\, respectively, we 
see that one scalar equation 

Ut = Liu -|- u{bi(t, x) — aii(t, x)u) (3.6) 

admits a periodic traveling wave U(t, x,x — ct) connecting u\{t, x) to 0 with U(t, x,(,) 
being continuous and nonincreasing in and the other scalar equation 

Vt = L 2 V + v{b 2 {t, x) - 2a22(t, x)u 2 (t, x) a 22 (t, x)v) (3.7) 
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also admits a periodic traveling wave V(t,x,x — ct) connecting x) to 0 with 
V{t, X, being continuous and nonincreasing in 

Let W{t,x,x — ct) = U 2 {t,x) — V{t,x,x — ct). Then W{t,x,x — ct) is a periodic 
traveling wave connecting 0 to x) of the following scalar equation with W(t, x, ^) 
being continuous and nondecreasing in ^ 


Wt = L2W + w{b2it, x) - 022 (t, x)w). 


(3.8) 


Note that W{t, x,x — ct) is a periodic leftward traveling wave connecting 0 to x) 
with wave speed —c, and that systems (I3.6p and (I3.8p admit rightward spreading 
speed c*_,_ and leftward spreading speed cl_, respectively, which are also the right- 
ward and the leftward minimal wave speeds (see, e.g., [2U Theorem 2.1-2.3]). It 
then follows that c > c\j^ and —c > C2_. This implies that c^_,_ -|- C2_ < 0, a 
contradiction. □ 

Let A2(/i) be the principle eigenvalue of the parabolic eigenvalue problem: 

- {2^d2{t,x) + 92{t,x))^ 

+ {d2{t, x)^‘^+g2{t, x)fi+b2{t, x) — a22{t, x)u2{t, x)) Ip, (t, x) e M X M, ( 3 . 9 ) 
ip{t, X + L) = ip{t, x), ip{t + ijj,x) = ip{t, x), (t, x) G M X M. 


In order to prove that system fl3.3p admits a single rightward spreading speed, 
we impose the following assumption; 

(H5) limsup^_,.o+ < c\j^, where c*_,_ is the rightward spreading speed of fl3.6p . 

By virtue of Lemma [321 if follows that in the case where LiU = '§^{di{x)^) with 
di G C'^'''^(R), or all the coefficient functions of system fl3.3p are even in x except 
Qi is odd m. X, i = 1, 2, (H5) is automatically satisfied provided that (HI) and (H2) 
hold true. 


Theorem 3.3. Assume that (H1)-(H5) hold. Then the following statements are 
valid for system fl3.3p .■ 

(i) If(p G C^(o,-)j 0 < 0 < ci7 <C /9(0, •) for some w G and cp{x) = 0, Vx > H, 

for some iL G M, then \im.t^oo,x>ctu{t, x, 0) = 0 for any c > c+. 

(a) If (p E C^(o,-) o^nd (p{x) > a, \/x < K, for some a G with a S> 0 and K G M, 
then \mvt^oo,x<ct{u{t, x, (p) - /3(t, x)) = 0 for any c < c+. 

Proof. In view of Theorem 12.21 it suffices to show that c+ = c'f. If this is not 
valid, then the definition of c+ and implies that c+ > cf. By Theorem 12.11 (1) 
and (3), it follows that system (13.31) admits a periodic traveling wave {Ui(t,x,x — 
eft), U 2 {t, X, x — eft)) connecting {ul{t, x), ^^(t, x)) to (0, u^it, x)) with Ui{t, x,f){i = 

1, 2) being continuous and nonincreasing in f. Therefore, U 2 = u^it, x), and Ui{t, x, x— 
eft) is a periodic traveling wave connecting ul(t, x) to 0. This implies cf > c^_,_ where 
cl_^_ is the rightward spreading of (13.61) . By pTl Theorem B] (also see [231 Theorem 
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3.1]), it follows that *^1+ = inf^>o where Ai(/i) is the principal eigenvalue of the 
scalar parabolic eigenvalue problem: 

“ {2^di{t,x) +9i{t,x))^ 

+ {di{t, + gi{t, x)fi + bi{t, x))^jJ, (f,x)GMxM, (3.10) 

X + L) = x), + cu, x) = x), {t, x) G M X M. 

For any given Ci G (c^,c+), there exists /ii > 0 such that Ci = Let (pl{t,x) 

be the positive time and space periodic eigenfunction associated with the principal 
eigenvalue Ai(/ii) of fl3.10p . Then it easily follows that 

ui{t,x) := t>0, x G M, 


is a solution of the linear equation 

dui ^ 1 / \ 

—- = LiUi + bi{t,x)ui. 
at 

Since *^1+ < Cl and (H5) holds, we can choose a small number /i 2 G (0,/ii) such that 
C2 := < Cl. Let 02(t, x) be the positive time and space periodic eigenfunction 

associated with the principal eigenvalue A2(/i2) of 03.91) . It is easy to see that 

U2{t,x) := 

is a solution of the linear equation 

du 

= L 2 U 2 + {b 2 {t, x) - a 22 {t, x)u* 2 {t, x))u 2 . (3.11) 

Since ci > C2, it follows that the function 

V 2 {t,x) := x), t > 0, x G M, 


satishes 

d 

> L 2 V 2 + {b 2 {t, x) - a 22 {t, x)u 2 {t, x))v 2 . (3.12) 

Dehne two wave-like functions: 

Ui{t,x) -.= mm{moe~^^^^~^^^^(l)l{t,x),ul{t,x)}, t > 0, x G M, (3.13) 

and 

U 2 {t,x) -.= mm{qoe~'^'^^^~‘^^^^(l) 2 {t,x),U 2 {t,x)}, t > 0, x G M, (3-14) 


where 


UoU, x) 

qo := max —--r 

(Ca;)e[0,aj]x[0,L] 02 (L X) 


> 0 , 


mo : = 


min 

(C 3 ;)G[ 0 ,aj] X [ 0 ,L] 


goQ22(t,x)02(t,x) 

a2i(t,x)0]‘(t,x) 


> 0 . 


23 













Now, we are ready to verify that (mi, M 2 ) is an upper solution to system fl3.3p . Indeed, 
for all X — Cit > — In ^ TffQ have UiU, x) = x), and hence, 

Ml '^1 


dui 


LiUi — ui{bi(t,x) — ai 2 (t,x)u 2 (t,x) — au(t,x)ui + ai 2 (t, a;)M 2 ) 


> 


dui 


— LiUi — hi{t,x)ui = 0. 


For all x — cif < ^ In we obtain Mi(t, x) = u\{t, x), and hence, 

dui 


dt 


- LiUi - Mi(fci(t, x) - ai 2 (t, x)ul{t, x) - aii(t, x)ui + a^it, x)u 2 ) 


> 


dui 

~dt 


LiUi — Uiipiit, x) — aii(t, x)ui) = 0. 


On the other hand, for all x — cit > — In > 0, it follows that 

U2{t,x) = 

which satishes inequality fl3.12p . Note that 

Mi(t, x) < Vt > 0, x G M, 

and /i2 e ( 0 ,/ii), we get 

^ - L2U2 - a2i(t, x){u*2{t, x) - U2)ui - U2{b2{t, x) - 2 a 22 {t, x)u*2{t, x) + a22(t, x)U2) 

= ^ - L2U2 — {b2{t, x) - a22{t, x)u2{t, x))u2 + (m 2(^) “ M2)(a22(^, x)u2 - 021 (t, a;)Mi) 

> (“ 2 ^^) - W 2 )e-^i(^-"i*)a 2 i(t,x) 0 t(t,x)(^^g|gg|g^ - mo) 

>0. 


For all X — cit < ^ In , we have U 2 {t, x) = x). Therefore, 

dU2 


dt 


du *2 

dt 


L 2 U 2 - 021 (t, X){u 2 {t, X) - U 2 )Ui - U 2 {b 2 {t, x) - 2a22{x)ul{t, x) + 022(t, x)m 2 ) 
L 2 U 2 - U*2{b2{t, X) - 022(t, X)U*2) = 0. 


It then follows that u = (mi,M 2 ) is a continuous upper solution of system (I3.3p . 

Let 0 G C/ 3 (o,.) with 0(x) > a, \/x < K and 0(x) = 0, Vx > iL, for some a G 
with (T 3> 0 and K, FT G M. By the arguments in |TT1 Lemma 2.2] and the proof of 
Theorem 12.21 as applied to Mj, it follows that for any c < c+, there exists 5(c) > 0 
such that 

\immin^^,x<cnuj\u{nu,x,(l))\ >6(c)> 0. (3.15) 

Moreover, there exists a sufficiently large positive constant A G LZ such that 


0(x) < m(0 ,X — A) := i>{x), Vx G M. 
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By the translation invariance of Qt, it follows that u{t,x — A) is still an upper 
solution of system 03.31) . and hence, 

0 < u{t, X, (p) < u{t, X, ijj) = M(t, X — A), Vx G M, t > 0. (3.16) 

Fix a number c G (ci, c+). Letting t = nu, x = cnu and n —)■ cxo in 03.16p . together 
with 03.15p . we have 

0 < (5(c) < liminf \u{nuj, cnu, (j))\ < lim \u(nu, cnu — A)| =0, 

n—>-cxD n—^oo 

which is a contradiction. Thus, = c+. □ 

Note that the leftward case can be addressed in a similar way. Indeed, by making 
a change of variable v{t,x) = u{t,—x) for system 03.3p . we obtain similar results 
for the rightward case of the resulting system, which is the leftward case for system 

ira . 

Remark 3.1. In the case where LiU = ^{di{x)^) with di G C'^’'''^(M) in system 
(S, ^ = 1 ,2, or all the coefficient functions of system 03.3p are even in x except 
Pi is odd in X, i = 1, 2, it follows from Lemma lffiE that system 03. 3 p admits a single 
rightward spreading speed which is coincident with the minimal rightward wave speed 
provided that (H1)-(H3) hold. 


3.3 Linear determinacy of spreading speed 

In this subsection, we give a set of sufficient conditions for the rightward spreading 
speed to be determined by the linearization of system (13. 3 p at E 2 = (0, 0), which is 


dvi 

dt 

dv2 


LiVi + {bi{t,x) - ai 2 {t,x)u 2 {t,x))vi, 


L 2 V 2 +a 2 l(t, x)u 2 (t, x)vi + {b 2 {t, x)- 2 a 22 (t, x)u 2 (t, x))v 2 , 


(3.17) 

t > 0, x G M. 


Clearly, under (H2) the following scalar equation 
du 


dt 


= Liu + u{bi{t,x) — ai 2 {t,x)u* 2 {t,x) — aii{t,x)u), t>0,a;GM, (3.18) 


admits a rightward spreading speed (also the minimal rightward wave speed) c)}_ = 
inf where Ao(/i) is the principle eigenvalue of the following parabolic eigenvalue 
problem: 


~ {2p.di{t,x) (3.19) 

+ {di{t, x)ffi + gi{t, x)/j, + bi{t, x) — ai 2 {t, xffi^t, x))^^, {t, x) G M x M, 

ipit, X + L) = ipit, x), ipit + u,x) = 'i/j{t, x), {t, x) G M X M. 


The next result shows that c° is a lower bound of the slowest spreading of system 

(B- 
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Proposition 3.4. Let (H1)-(H3) hold. Then c*^ > c*].. 

Proof. In the case where c+ > c^, by the same arguments as in Theorem 13.31 we see 
that where c*_,_ is the rightward spreading speed of fl3.6p . Since hi{t,x) > 

bi(t, x) — ai 2 (t, x)u\{t, x),W{t, x) G M X M, by Lemma 13.11 (a) with d{t, x) = di(t, x) 
and g{t,x) = gi{t,x), it is easy to see that Ai(/i) > Ao(/i),V/i > 0, where Ai(/i) is 
the principal eigenvalue of 03.101) . Thus, we have > cl_^_ > c^. 

In the case where c+ = c^, let u(t, ■,(()) = {ui(t, •, 0), M 2 (t, •, </>)) be the solution of 
system 03.31) with m(0, ■) = (p = (0i, 02) £ C/3(o,-)- Then the positivity of the solution 
implies that 


dui 


> LiUi + Ui{bi{t, x) 


ai2it,x)ul{t,x) 


aii(t,x)ui), t>0,a:GM. 


Let v(t, X, 0i) be the unique solution of 03.18p with n(0, •) = 0i. Then the compari¬ 
son principle yields that 


ui(t,x,(j)) > v{t,x,(j)i), Vt > 0 , a; G M. ( 3 . 20 ) 

Since X{di,gi,bi — 012 ^ 2 ) > 0, Proposition 13.11 implies that there exists a unique 
positive time-space periodic solution vo(t,x) of 03.18p . Let 0° = (0i,02) ^ ^/3(o,-) 
be chosen as in Theorem 13.31 (i) and (ii) such that 05 < no(0, •). Suppose, by 
contradiction, < c^. Choose c G (c+,c5_). Then Theorem 13.31 implies that 
linij^ocxXct Ui(t, X, 0°) = 0. By Theorem 12.21 as applied to system 03.181) . we further 
obtain — Vo(t,x)) = 0. However, letting x = ct in 03.201) . we 

get hmi_j.oo, 3 ;=ct('i^(L 2 ;, 05)) = 0, which is a contradiction. □ 


For any given /x G M, letting v{t,x) = e ^^u{t,x) in 03.17p . we then have 
dti du 

— = LiUi-2fidi{t, x)-^ + {di{t, x)gP^+gi{t, x)iJ.+bi{t, x) -ai 2 (t, x)ul{t, x))ui, 
du du 

= L2U2-2g.d2{t,x)-^ + a2i{t,x)ul{x)ui (3.21) 

+ {d2{t, x)g.‘^+g2{t, x)fi+b2{t, x) -2022(0 x)u2{t, x))u2, t > 0 , x G M. 

Substituting u{t,x) = e^^cf){t,x) into 03.2ip . we obtain the following periodic eigen¬ 
value problem: 

^ + “ ( 2 /idi(t,x) +gi{t,x))-^ 

+ {di(t, x)ijf -|- giit, x)iJ. -|- bi(t, x) — 012(0 x)u2(t, x)) 0 i, (t, x) G M x M, 

A 02 = 


^ 4- d2{t,x)^^ - {2nd2{t,x) +g2{t,x))^ + a2i{t, x)u*2{t, x)(j)i 


+ (^2(0 x)fi^+g2{t, x)g.+b2{t, x) -2022(0 x)u2{t, x)) 02 , (t, x) G M x M, 

(pi{t, X + L) = (pi(t, x), (piit -f a;, x) = (pi{t, x), (t, x) G M x M, i = 1 , 2 . ( 3 . 22 ) 


Let A(yo) be the principal eigenvalue of the following periodic eigenvalue problem: 




dp) 

(2/id2(0x) Pg2{t,x))^ 


-4 (^2(0 x)gf+g2{t, x)/x- 462(0 x) -2022(0 x)u*2{t, x)) 0 , (t, x) G M x R, 

'ipit^x + L) = 'ilj{t.,x), 'ipit + oj^x) = ipit^x), (f, x)gRxR. ( 3 . 23 ) 
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Since there exists /iq > 0 such that . Now we introduce the following 

condition: 


(Dl) Ao(/io) > A(/ro)- 

Proposition 3.5. Let (H1)-(H3) and (Dl) hold. Then the periodic eigenvalue 
problem (I 3 . 22 p with fi = fiQ has a simple eigenvalue Xo{to) associated with a positive 
periodic eigenfunction cf* = ( 0 ^, 02 ). 


Proof. Clearly, there exists a positive eigenfunction (fl associated with the principle 
eigenvalue Ao(/io) of fl3.18p . Since the first equation of fl3.22p is decoupled from the 
second one, it suffices to show that Ao(/no) has a positive eigenfunction 0* = {cfl, cff) 
in (I3.22p . where 02 is to be determined. Let 17(t, s), 0 < s < t, be the evolution 
operator generated by fl3.2ip with m( 0, •) G P, and Ui(t,s) and 1 / 2 ( 1 , s), 0 < s <t 
be the evolution operators generated by the following scalar parabolic equations: 


du 

'm 


=Liu — 2/iodi(t, x) 


du 

dx 


+ (di(t, x)/io + gi{t, x)iiQ + hi{t, x) 


m( 0, •) = (^1 e P 


ai2(t,x)u2{t,x))u, t > 0, X G M, 


and 

du ^ ^ . .du 

+ {d 2 {t, x)p.l+g 2 {t, x)p,Q + b 2 {t, x) -2022(0 x)ul{t, x))u, t > 0, x G M, 

m ( o , •) = </?2 e P , 

respectively. By the variation of constants formula for scalar parabolic equations, it 
then follows that 

/ Ui(t,0)cpi 

V D2(t,0)(p2 + fQU'2(t,s)a2i(s,-)u2(s,-)Di(s,0)(fids 

And it is easy to see that Pi(a;,0) and D2(‘x,0) are strongly positive and compact 
linear operators on P. Let ri and r2 be the spectral radii of Pi(ci;,0) and D2(‘x,0). 
Then the Krein-Rutman theorem (see e.g., m Theorem 7.2 ]) implies r* is the 
principle eigenvalue of Ui{uj,0),i = 1,2, and ri = and r2 = More¬ 
over, Pi(t,O)0^(O, •) = •) > 0, Vt > 0. By [THl Theorem 7.3] and (Dl), it 

follows that 

pLJ 

(ri-U2{oj,t)))^p2= / P2(^^,s)a2i(s, •)Pi(s,O)0i(O, > 0, (3.24) 

Jo 

has a unique positive solution ip 2 G P. Therefore, ip* = (0i(O, •), <^2) G P is a positive 
eigenfunction of U{u, 0) with the eigenvalue ri = that is, U{u, 0)(^* = ripi*. 

Let 

(f* 2 {t, •) = e-^°^^°^V 2 {t, 0 )ip *2 + re-"°('^°)(*-^)P2(0s)a2i(s, >;(s, (dlis, (ds. 

Jo 


Vt > 0. 
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Clearly, is positive for (t, x) G M+ x M, and satisfies the second equation of 

(I322D, and 

This implies that p* = (0^, 02) is the positive time and space periodic eigenfunction 
associated with Ao(/io)- Since Ao(/no) is a simple eigenvalue for fl3.18p . we see that 
so is Ao(/io) for (I3.22p . □ 

From Proposition 13.51 it is easy to see that for any given M > 0, the function 
t/(t,x) = f>0, xeM, (3.25) 


is a positive solution of system fl3.17p . In order to obtain an explicit formula for the 
spreading speeding c+, we need the following additional condition: 


(D2) 




> max 


ai2it,x) a22it,x) 1 
aii{t,x) ’ a 2 i(t,x} j ’ 


V(t, x) G M X M. 


Now we are in a position to show that system fl3.3p admits a single rightward spread¬ 
ing speed c+, which is linearly determinate. 


Theorem 3.4. Let (H1)-(H3) and (D1)-(D2) hold. Then c+ = 


= ci 


Ao(ai) 

int^>o -p- 


Proof. First, we verify that U{t,x), as dehned in (I3.25p . is an upper solution of 
system fl3.3D . Since ^ and (D2) holds true, it follows that 


dUi 


-Lil7i-f/i(6i(t,x) 


ai2it,x)u2{t,x) - 


= aii(t,x)UiU 2 

= aii{t,x)UiU2 


(Ui_ ai2{t,x) \ 

\U 2 aii(f,x)y 
/ 0i(t,x) _ ai2(t,x) A 
\(p*2{t,x) aii{t,x)J 


> 0 , 


aii(f,x)17i -h ai2(t,x)f/2) 


(3.26) 


and 


dU2 

dt 


L 2 U 2 -a 2 iit, x)Ui{u* 2 {t, x) -U 2 ) 


-U2{p2{t, x) -2022(0 x)ul{t, x)-F022(0 x)U2). 


2 

= 02l(t,x)f/2 
= 02l(t,x)f/2 


(Ui _ 022 (0 a:) A 

\U2 a2i(t,x)y 
/ 0t(t,x) _ O 22 ( 0 a^) \ 
V0^(f,x) 02l(t,x)/ 


> 0. 


(3.27) 


Thus, U{t,x) is an upper solution of fl3.3p . Choose some 0° G C/ 3 (o,-) satisfying the 
conditions in Theorem 13.31 lil and (ii). Then there exists a sufficiently large number 
Mq > 0 such that 


0 < 0°(x) < Moe-'^°^0*(O, x) = U{0, x), Vx G M. 





























Let W{t,x) be the unique solution of system fl3.3p with W{0,-) = 0°. Then the 
comparison principle, together with the fact that c^/io = Ao(/io), leads that 

Vt > 0, a: e M. 


It follows that for any given e > 0, there holds 

0 < W{t, x) < x), Vt > 0, x > (c° + e)t, 

and hence, 

lim W{t,x) = 0. 

t—>-cxD,3;>(c^+e)t 

By Theorem 13.31 fii). we obtain < c° + e. Letting e —)■ 0, we have < c° . In the 
case that c+ > the proof of Proposition 13.41 shows that > c° , a contradiction. 
This implies that c+ = c’^ = c^. □ 


To hnish this section, we consider the following time-periodic Lotka-Volterra 
competition model | 16 ]: 


dui 

dt 

du2 

dt 


d'^ui 


+ ui{bi(t) - aii(t)ui 


dx"^ 

.d‘^U2 /, / \ /X 

+ U 2 [h 2 [t) - a 2 i[t)ui 


012 (^)m 2 ), 

- a22{t)u2), 


t > 0 , x G M. 


(3.28) 


Here d > 0 and all other coefficient functions are positive and ca-periodic in t. 

For convenience, dehne uJ = ^ w{t)dt with any cu-periodic function w{t). We 
hrst make the following assumption (see (A 2 ) in 


(PI) bi > max 


ai 2 (t) 

022 (t) 


• 62 > 0 , and 0 < 62 < max 


0^21 (t) 


bi. 


It is easy to see that if (PI) holds, then Proposition 13.21 implies that (H3) is valid. A 
straightforward computation shows that A(l, 0, bi) = 61 > 0 and A(l, 0, 62 ) = &2 > 0. 
Thus, (HI) holds true and system fl3.28p admits three time periodic solutions (0, 0), 
(M*(t),0), and ( 0 ,M 2 (^))- Moreover, we can show that 


A(l, 0, bi - ai2U2) 


T. -^ ^ I ®i 2 (t) 

0i — ai2n2 ^ ~ max-^ 

tG[0,i^] Oj22\d) 


■ 022^2 = ^i~ max 

iG [ 0 ,w] 


ai2{t) 
022 (^) 


■ ^2 > 0 , 


and hence, (H2) ia also valid. (H4) and (H5) are automatically satished since all 
coefficient functions are independent of x (treated as even functions of x). It then 
follows that system 03.281) admits a single spreading speed (also the minimal wave 
speed) c+ no matter whether it is linearly determinate. Next, we make another 
assumption (see [16], Theorem 2.5]): 

(P2) 0 < d < 1, an{t)ul{t) — ai2it)u2{t) > a2i{t)ul{t) — a22it)ul{t) > 0, Vt G M. 


In what follows, we show that (P2) is sufficient for (Dl) and (D2) to hold. Clearly, 
Ao(/i) and A(p) become the principal eigenvalues of the following periodic eigenvalue 
problems: 

AV’ = + (h^ + ^i(^) - ai2{t)ul{t))ip, t G M, 

ilj{t + 00 ) = t G M, 
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and 


Xi> = + (d/i^ + b 2 {t) - 2 a 22 it)ul{t)) i/j, t e 


+ cj) = t e 

respectively. It is easy to see that 


(3.29) 


Ao(/i) = /i + fel - 012^25 - 2a22U*2. 


By virtue of (P2) and 


c» = mf hM = i„f I 

M>o n /i>o ( /i 


/• 


it follows that 


c° = 2\Jbi- 012^2 > 0> A^o = - ai 2 M 2 - 


We then see from (P2) that (Dl) holds true. 

Let (0i(t), 02(A)) be a positive eigenfunction, associated with Ao(/U.o), of the fol¬ 
lowing eigenvalue problem: 


A01 — —^ + (/io + blit) — ai2(A)M2(A))0i) A G M, 

d02 


A02 —-^ + a2l(A)M2(A)01 + ('A/io + ^2(A) — 2a22{t)u*2{t)') 02, t G M, 


dt 

-|- cj) = 0 j(A), f G M, i = 1 , 2 . 

Next we verify that 02(A) < ^^l|^0i(A) := n(A),Vt G M. Note that 


(3.30) 


«2i(A)m2(A)0i(A) + {d^l -A 62(A) - 2a22(A)M2(A) - 2 nl)v 


dv 
dt 

m^(A) 0 i(A) 


m*(A) f u*{t)\ _ 0 ;(A) 
01 (A) 


m*(A) [ M*(f) VMt(A) 

-A 62 (A) - 2a22{t)u*2{t) - 2/io] 


+ 0 , 2 l{t)u*{t) djjQ 


m^(A) 0 i(A) 


m);(a) f u* 2 {t) 


+ 62(A) - 61 (t) - a22{t)u*2{t) -A aii(t)M);(f) 


u\it) V urn \ui{t), 

+ {d - l)/io - anit)ul{t) + ai2(A)M2(A) + a 2 i{t)ul{t) - a 22 it)u* 2 {t)] 


< 


m^(A) 0 i(A) 


Kit) (ulit) 


Kit) [ ulit) \ul{t) 


62(A) - 61 (f) - a22it)u*2{t) -A aii{t)Kit) 


= 0 . 


In view of the comparison principle and the periodicity of 02(A) and v{t), it then 
suffices to show that 02 (Aq) < v{to) for some to G M. Assume, by contradiction, that 
02(A) > n(t), Vt G M. Thus, we have w{t) := v{t) — 02(A) < 0, and 


dw{t) 

dt 


+ ( 2 /io - dfil - 62(A) -A 2a22(A)M2(A)) wit) > 0 , Vt G 
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This implies that 



0 - dul - b2{t) + 2a22{t)u*2{t))dt < 0 . 


On the other hand, we know that 62 = 022 ^ 2 , and 


1 

CO 



0 - d/ig - b2{t) + 2a22{t)u*2{t))dt = (2 - d)^l + 022^2 > 0) 


which leads to a contradiction. This shows that 
from (P2) that 


Vt G M. It then follows 

Mt) — “ 2 W’ 


Mt) ^ ul{t) f aujt) a 22 {t) \ 

hit) ~ ulit) ~ 021 (t) j ’ 


Vt e M, 


which implies that (D2) is also valid. Therefore, if (PI) and (P2) hold, then the 
spreading speed c+ is linearly determinate, equal to 2,Jbi — ai 2 U 2 - 


Remark 3.2. Consider a more general reaction-diffusion competition system in a 
periodic habitat, that is, 


dui 

dt 

dU2 

dt 


LiUi + 'Ul/l(t, X, Ml, M2), 


L2U2 + U2f2it,X,Ui,U2), t G M, X e M, 


(3.31) 


where the operator Li := ^(t, x)^+ a^*^(t, x)^ with a 2 \t, x) > 0,V(t,x) G MxM, 
i.e., Li is uniformly elliptic, i = 1,2. Assume that a!"-\t,x) and /i(t,x,M i,M 2 ) 
are periodic in t and x with the same periods, respectively. Holder continuous in 
X of order v G (0,1) and in t of order 1 < i,j < 2, and /j(f, x, Mi, M 2 ) are 
differentiable with respect to Ui and M 2 , i = 1,2. Moreover, 9^1/i(t, x, Mi, 0) < 0 and 
du 2 f 2 {t, x,0,U2) < 0, V(t,x) G M X M, Ml G M+, M 2 G M+, and there exist Mi > 0 
and M 2 > 0 such that /i(t, x,Mi,0) < 0, f2it,x,0, M 2 ) < 0, du 2 fi{t,x,Ui,U 2 ) < 0 
and duif 2 (t, x, mi, M 2 ) < 0 for all (t, x, mi, M 2 ) G M x M x [0, Mi] x [0, M 2 ]. Then we 
can obtain analogous results on traveling waves and spreading speeds under similar 
assumptions to (H1)-(H5) and (D1)-(D2). 


3.4 An example 


In this section, we study the time periodic version of a well-known reaction diffusion 
model [ 20 ] : 


dui 

du2 


diAui Mi(a^(t,x) - Ml - M 2 ), 

d2Au2 M2(a^(t, x) - Ml - M2), t > 0, X G M, 


(3.32) 


where 0 < di < ^ 2 , x) = a{t/co, x) and a{t, x) is a continuous function on M x M 
and it is 1 -periodic in t and L-periodic in x. 

For convenience, we use the same notations as in sections 2 and 3. We first 
present some results on the principle eigenvalue Xmh) of (13.331) . 
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Lemma 3.1. Assume that time and space periodic functions d,g,m G x 

R)(z^ G (0,1)). Let Am(/i)(/i G R) be the principle eigenvalue of the following 
parabolic eigenvalue problem: 


X'ljj = + d{t, - {2fid{t, x) + g{t, x)) — 

+ {d{t,x)p.^ + g{t,x)p. + mit^x))^), (t, a;)GRxR, (3.33) 

if:{t, X + L) = 'i/j{t, x), 'i/j{t + u,x) = if:{t, x), {t, x) G R x R. 


Then the following statements are valid: 

(a) Ifmi{t,x) > m 2 it,x) with mi{t,x) ^ m 2 {t,x),W{t,x) G [0,a;] x [0,L], then 

iT)> ^1712 (/i), V/i G R. 

(b) \m{,p) 0 . convex function of fv on R. 

(c) If either d, m are even in x and g is odd in x, or d E C'^’^’''^(R x R)(i^ G (0,1)) 
and g{t,x) = —x) G R x R and d,m are even in t, then Xm^p) = 
Xm{—p),^P £ 

Proof. By similar arguments to those in [121 Lemma 15.5] , it is easy to prove that 
(a) holds, (b) follows from the same arguments as in [23] . 

In the case where d,m are even functions in x and g is odd in x. Let 'ijj{t,x) be 
eigenfunction associated with Xm{p) ■ Set (fit^x) = -^(t, —x), we then have 


A0 = + d{t, -x) 

+ {d{t,-x)p^ + g{t,- 


d‘^<p , u ■. , 

— + (2/id(f, -x) + g{t, -x))-^ 

x)p + m{t, —x))0, (f, x) G R X R. 


Since d(t, x) = d(t, —x),m(t, x) = m(t, —x),g{t, x) = —g{t, — x), V(f, x) G R x R, we 
obtain 


A0 = 


dcj) 

'm 


+ {d{t, x)p? 


7 / , If \ / 

+ Alt-, + (W(^7 x) - g{t, x)) — 

— g{t,x)p + m{t,x))(j), (f,x)GRxR. 


By the uniqueness of the principal eigenvalue, it follows that Xm{—p) = Am(/i), V/i G 

R. 

In the case where d G C'^’^’'''^(R x R)(i^ G (0,1)) and g{t,x) = —^^^,V(f, x) G 
R X R, d, m is even in t, for any given /r G R, it is easy to see that Xm{p) is also the 
principle eigenvalue of 

, , dfj d f.d'lpX ^ .dfj 

+{d{t,x)ii‘^ — mPA-fi + m{t. x)),p, ( 7 ,x)eRxR, ( 3 . 34 ) 

OX 

'0(f, X + L) = '0(f, x), fj{t + cj, x) = '0(L x), {t, x) G R X R. 
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Let (p(t,x) and (pityx) be the positive periodic eigenfunctions associated with 
and Am(—p), respectively, and 'ipityx) = (p{—t,x),\/(t,x) G M x M. Note that d,m 
are even in t, so is it then follows that, 


, / N , dip d 

and 


di’\ r, iz-j. \di> , , uj. ^ 2 dd{t,x) 


J + (d(t,x)p - 


fi + m{t,x))ip 


Am(-h)0 = + ^ (^d{t,x)^'^+2fid{t,x)^+{d{t,x)fi^ + ^^^^^fi+m{t,x))(j) 


Using integration by parts, we have 
r f^dip{t,x) 


Jo Jo 
and 


^ A 

dx 


'0 JO 


d{t, X 


dt 

dip{t, x) 
dx 


x)dxdt = — 


x)dxdt = 


/7 

nu) 


dcj){t, x) 


dt 


ip{t, x)dxdt, 


'0 JO 


dx 


d{t, x) ^ ) ijj{t, x)dxdt, 


cj rL 


-h 


// 


2 d{t, X 


d'ip{t, x) 


(p{t,x) + 


fo Jo 

ru) rL ■ 

= h 

/o Jo L 

r(jJ rL 


dd{t, x) 
dx 


= d 


ru) rl 

Jo Jo 

ru) rl 

Jo Jo 


dx 

dd{t,x) 4 i{t,x) , dd{t,x 


ilj{t,x)(f){t,x) 


dxdt 


dx 


-ip{t,x) - 


dx 


■ip{t,x)(j)(t,x) 


10 Jo L 

It then follows that 

ru rL 


2 d{t, x) 4 >it, x) + x) 4 >(t, x) 


dx 


dxdt 

dxdt. 


Am (P") 


ip(t, x)(f)(t, x)dxdt = Am(—p) 


x)ijj{t, x)dxdt. ( 3 . 35 ) 


>0 Jo 


>0 Jo 


Since x)i/j{t, x)dxdt > 0, we have Am(p) = Am(—p),Vp G M. □ 

Lemma 3.2. Assume that (HI) and (H2) hold. Then (H4) and (H5) are valid 
provided that either all the coefficient functions of system (I3.3p are even in x except 
Pi is odd in x, or all the cofficient functions of system (I3.3p are independent of t, 
di G G (0,1)) and gi{t, x) = —d[{x),\/{t, x) G M x R, i = 1, 2. 

Proof. First, we prove that (H4) holds. Indeed, in either case, by Lemma IXTT cl with 
m(t,x) = bi{t,x) and d{t,x) = di(t,x), it is easy to see that the principle Ai(p) of 
fl3.10p is an even function of p on R. Since Ai(p) is convex on R and Ai(0) > 0, we 
have Ai(p) > 0,Vp > 0. It follows that c*ij^ = inf^>o > 0. Similarly, we can 

show that C 2 _ > 0, this implies C^_l_ + C2_ > 0. 

To verify (H5), it suffices to show that hm^_,.o+ = 0, where A 2 (p) is the 

principal eigenvalue of fl3.9p . In the case where all the coefficient functions of fl3.3p 
are even in x except Pi is odd in x, i = 1, 2, we have 


du* 




du*2 


= d2{t,x)-^ + p2{t,x)^ +U2{b2{t,x) - a22{t,x)ul), {t,x) G R X 
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Let U 2 {t, x) = U 2 {t, —x). Since d 2 , & 2 , 022 are even in x and (72 is odd in x, it follows 
that 

^ r)‘^ ? / ^ f)i / ^ 

= d 2 {t,x)-^ + g 2 {t,x)^ + ul{h 2 {t,x) - a 22 {t,x)ul), {t,x) e M x M. 

This implies that —x) is also a time and space periodic positive solntion for 

scalar eqnation fl3.2p with d(t,x) = d 2 (t,x), g(t,x) = g 2 (t,x), c(t,x) = b 2 (t,x) and 
e(t,x) = a 22 (t,x),\/(t,x) G M X M. In view of Proposition 13.11 the nniqneness of the 
time and space periodic positive solntion implies that u^it, —x) = u^it, x),V(t, x) G 
M X M. Taking d(t,x) = d 2 (t,x), m(t,x) = b 2 (t,x) — a 22 (t,x)u 2 (t,x), and g(t,x) = 
g 2 {t, x) in fl3.33l) . we see from the former case in Lemma iTTT c) that A 2 (/i) is an even 
function on R, and hence, A2(0) = 0. Since A2(0) = 0, it follows that lim^_j.o+ = 
A'(0) = 0 < 

In the case where all the coefficient fnnctions of system 03.31) are independent of 
f, di G C'^+'^(R)(i 2 g (0,1)) and gi{t,x) = —(i'(x), V(f, x) G R x R, i = 1, 2, it easily 
follows from the latter case in Lemma [3.1f cl or the proof of [HJ lemma 5.2]. □ 

Now we introdnce the following assnmptions on system 03.321) : 

(M) a{t, x) is non-trivial and even in x, and d = ^ a{t, x)dxdt > 0. 

Lemma 3.3. Let (M) hold. Then (H1)-(H3) are valid for system 03.321) if either 
of the following holds: 

(a) d 2 is large enough; 


(b) u is small enough. 


Proof. Since we consider the periodic initial valne problem. We may regard system 
03.32P as in the following system: 


dui 

~dt 

dU2 


= diAui + Mi(a^(t, x) - Ml - M2), 

= d 2 Au 2 + U 2 {a^{t, x) - Ml - M2), t > 0, X G (0, L), 


(3.36) 


Mi( 0 ,x) = (pi{x) G X := {0 G C([0,L],R) : 0(0) = 0(L)},i = 1,2. 

Let (fit, x) be the positive time-space periodic eigenfnnction associated with the 
principal eigenvalue A((ii,0,a), that is, 

—(ft + di(fxx + CLujit, x)0 = A(di, 0, a)0, {t, x) G R x R. 

Dividing the above equation by 0 and integrating by parts on [0, L] x [0,a;], we get 


1 

A(di,0,a) = - 



^ , di 

a[t, xjdxdt -I-- 


0 Jo 


nuj pL 

’0x(0x)' 

Jo Jo 

. _ 


dxdt. 


Since a{t, x) is non-trivial in x, a simple computation shows that 0(t, x) is also 
non-trivial in x. Therefore, we have 


A((ii, 0, a) > -- 
Jj 



ait, x)dxdt = a > 0 . 


0 Jo 
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Similarly, we can show that \{d 2 , 0, a) > 0. It follows that (HI) holds provided that 
(M) is valid. 

In the case where d 2 is large enough, let Ad^ denote the unbounded closed oper¬ 
ator on X with the maximum norm dehned by 

D{Ad^) = {u : u,u',u’' e X}, Ad^u = d 2 u'',Wu e D{Ad^). 


Then [SH Chapter 8, Lemma 2.1] implies that Ad^ generates an analytic semigroup 
on X. By the essentially same arguments as in [201 Lemmas 3.6(c)-3.7 and 
Theorem 5.3(a)], it follows that (H2) and (H3) hold true. 

In the case where u is small enough, by the arguments similar to those in |2U1 
Lemma 3.6(b) and Theorem 5.3(b)], we can also show that (H2) and (H3) are 
valid, and hence, system fl3.32p has three time-space periodic solutions Eq := (0,0), 
El := x),0) and i ?2 := i 0 ,U 2 {t, x)) in P+. □ 


As a consequence of Lemma [3.31 and Theorem 13.11 we have the following result. 

Theorem 3.5. Let (M) and either case (a) or (b) in Lemma \3.3\ hold. Then Ei : = 
{ul{t,x),0) is globally asymptotically stable for all initial values (f = ( 0 i, 02 ) G P+ 
with 01 ^ 0 . 

For simplicity, we transfer system fl3.32p into the following cooperative system; 


dui 

dt 

du2 

dt 


d‘^ui 
^ dx^ 

, d‘^U2 


ui{a^(t,x) 
+ Ui{ul{t,x) 


U2(t,x) - ui + U 2 ), (3.37) 

U 2 ) + U 2 {auj{t, x) — 2ul{t, x) + U 2 ), t > 0, X G M. 


The next result is the consequence of Theorem 13.31 Remark 13.11 and Proposition 13.41 


Theorem 3.6. Assume that (M) and either case (a) or (b) in Lemma lST^ hold. Let 
u{t, •, 0 ) be the solution of system fl3.37p with m(0, •) = 0 G C^(o,-)- Then there exists 
a positive real number c+ such that the following statements are valid for system 

(^M>: 

(i) If 4> E C^(o,-)? 0 < 0 < cu 0 for some cu G = 0, Vx > H, for 

some 77 G M, then hmi_,.oo^a;>ct u{t, x, 0 ) = 0 for any c > c+. 


(a) If (j) E C/ 3 (o,.) and 0 (x) > a,'ix < K, for some a G with a 3> 0 and 77 G M, 
then \imt^oo,x<ct{u{t,x,(j)) - u*{t,x)) = 0 for any c G (0,c+). 

In view of Theorem 13.21 we have the following result on periodic traveling waves 
for system 03.321) . 

Theorem 3.7. Let (M) and either case (a) or (b) in Lemma 1, 9. ,71 hold. Then 
for any c > c+, system (13.321) has time-space periodic traveling wave {U(t, x,x — 
ct),V(t,x,x — ct)) connecting {ul(t,x),0) to {0,U2(t,x)) with the wave profile com¬ 
ponent U(t, X, f) being continuous and non-increasing in f, and V(t, x, f) being con¬ 
tinuous and non-decreasing in f. While for any c G (0,c+), system 03.32p admits 
no periodic rightward traveling wave connecting {ul(t,x),0) to { 0 ,U 2 (t,x)). 
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